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BACH-FLAT NONCOMPACT STEADY
QUASI-EINSTEIN MANIFOLDS
M. RANIERI AND E. RIBEIRO JR
Abstract. The goal of this article is to study the geometry of Bach-flat noncompact
steady quasi-Einstein manifolds. We show that a Bach-flat noncompact steady quasi-
Einstein manifold (Mn, g) with positive Ricci curvature such that its potential function
has at least one critical point must be a warped product with Einstein fiber. In addition,
the fiber has constant curvature if n = 4.
1. Introduction
In 1958, Rene´ Thom posed the following well-known question: “Are there any best Rie-
mannian structures on a smooth manifold?”. The best Riemannian structures on a given
manifold are those of constant curvature. In this spirit, a Riemannian manifold of dimen-
sion greater than 2 with constant Ricci curvature is called Einstein. Hilbert and Einstein
proved that the critical metrics of the total scalar curvature functional restricted to the set
of smooth Riemannian structures on a compact manifold of unitary volume are Einstein. We
remark that Einstein manifolds are not only fascinating in themselves but are also related
to many important topics of Riemannian geometry. For a comprehensive reference on such
a subject, we refer the reader to [6].
A classical problem in Riemannian geometry is to construct new explicit examples of
Einstein metrics. According to “Besse’s book” [6], a promising way for that purpose is that
of warped products. The m-Bakry-Emery Ricci tensor, which appeared previously in [2] and
[20], is useful as an attempt to better understand Einstein warped product. More precisely,
the m-Bakry-Emery Ricci tensor is given by
(1.1) Ricmf = Ric+∇
2f −
1
m
df ⊗ df,
where f is a smooth function onMn and ∇2f stands for the Hessian of f.We highlight that
it is also used to study the weighted measure dµ = e−fdx, where dx is the Riemann-Lebesgue
measure determined by the metric.
A complete Riemannian manifold (Mn, g), n ≥ 2, will be called m-quasi-Einstein mani-
fold, or simply quasi-Einstein manifold, if there exist a smooth potential function f on Mn
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and a constant λ satisfying the following fundamental equation
(1.2) Ricmf = Ric+∇
2f −
1
m
df ⊗ df = λg,
where ∇2f stands for the Hessian of f.
It is easy to see that a ∞-quasi-Einstein manifold means a gradient Ricci soliton. Ricci
solitons model the formation of singularities in the Ricci flow and correspond to self-similar
solutions, i.e., solutions which evolve along symmetries of the flow, see [10] and references
therein for more details on this subject. On the other hand, when m is a positive integer it
corresponds to a warped product Einstein metric, see, for instance, [12, 17]. We also remark
that 1-quasi-Einstein manifolds are more commonly called static metrics and such metrics
have connections to scalar curvature, the positive mass theorem and general relativity. Recall
that a quasi-Einstein metric g on a manifoldMn will be called expanding, steady or shrinking,
respectively, if λ < 0, λ = 0 or λ > 0. Moreover, a quasi-Einstein manifold will be called
trivial if its potential function f is constant, otherwise it will be nontrivial. Notice that the
triviality implies that Mn is an Einstein manifold.
According to [5, 6, 12, 17] and [22] the remarkable motivation to study quasi-Einstein
metrics on a Riemannian manifold is its direct relation with the existence of Einstein warped
product, which also have different properties compared with the gradient Ricci solitons. In
this sense, it is important to recall that, on a quasi-Einstein manifold, there is an indispens-
able constant µ such that
(1.3) ∆f − |∇f |2 = mλ−mµe
2
m
f .
See [5, 17, 22] and [24] for a comprehensive treatment of this feature.
Qian [20] proved that shrinking quasi-Einstein manifolds must be compact. Moreover,
from Kim-Kim [17] the converse statement remains true. Thereby, it is now well-known
that a quasi-Einstein manifold is compact if and only if λ > 0. An example of nontrivial
quasi-Einstein manifold with λ > 0, m > 1 and µ > 0 was obtained in [19]. Some examples
of expanding quasi-Einstein manifolds with arbitrary µ as well as steady quasi-Einstein
manifolds with µ > 0 were constructed in [3, 6] and [24]. At the same time, Case [13] has
shown that steady quasi-Einstein manifolds with µ ≤ 0 are trivial. See also [23] for further
results related.
In order to proceed it is important to remember that the Bach tensor on a Riemannian
manifold (Mn, g), n ≥ 4, which was introduced to study conformal relativity in [1], is defined
in terms of the components of the Weyl tensor Wikjl as follows
(1.4) Bij =
1
n− 3
∇k∇lWikjl +
1
n− 2
RklWi
k
j
l,
while for n = 3 it is given by
(1.5) Bij = ∇
kCkij ,
where Cijk stands for the Cotton tensor. We say that (M
n, g) is Bach-flat when Bij = 0. It
is straightforward to check that locally conformally flat metrics as well as Einstein metrics
are Bach-flat. In addition, for dimension n = 4, it is well-known that half-conformally
flat or locally conformally to an Einstein manifold implies Bach-flat. However, Leistner
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and Nurowski [18] obtained a large class of Bach-flat examples which are not conformally
Einstein; for more details we address to [6].
Recently, Cao and Chen [8] have studied Bach-flat gradient Ricci solitons. They obtained
a stronger classification for shrinking gradient Ricci solitons under the Bach-flat assumption.
Afterward, Cao, Catino, Chen, Mantegazza and Mazzieri [7] were able to show that any n-
dimensional (n ≥ 4) complete Bach-flat gradient steady Ricci soliton with positive Ricci
curvature such that the scalar curvature R attains its maximum at some interior point must
be isometric to the Bryant soliton. For more details, we refer the reader [7, 8] and [9]. The
Bach-flat assumption was also studied in another special metrics, see, for instance [4, 11, 15]
and [21].
In light of the previous results, it is natural to ask what occurs on quasi-Einstein man-
ifolds. As it was previously mentioned a quasi-Einstein manifold is compact if and only
if λ > 0. In that case, Chen and He [14] proved that a Bach-flat shrinking quasi-Einstein
manifold is either Einstein or a finite quotient of a warped product with (n−1)-dimensional
Einstein fiber. In this paper, mainly inspired by [9] as well as [7], we shall focus our at-
tention on Bach-flat steady quasi-Einstein manifolds. In particular, the manifold must be
noncompact. More precisely, we shall provide a classification result for Bach-flat noncom-
pact steady quasi-Einstein manifolds with positive Ricci curvature. A crucial ingredient here
that should be emphasized is a pinching estimate for the function u = e−
f
m (cf. Lemma 3).
After these preliminary remarks we may announce our first result as follows.
Theorem 1. Let (Mn, g, f, m > 1), n ≥ 4, be a Bach-flat noncompact steady quasi-
Einstein manifold with positive Ricci curvature such that f has at least one critical point.
Then Mn has harmonic Weyl tensor and Wijkl∇
lf = 0.
At the same time, it is worth to point out that 4-dimensional manifolds have special
behavior; see [6] for more information about this specific dimension. In such a dimension
we have established the following result.
Theorem 2. Let (M4, g, f, m > 1) be a 4-dimensional Bach-flat noncompact steady quasi-
Einstein manifold with positive Ricci curvature such that f has at least one critical point.
Then M4 is locally conformally flat.
Next, as an application of Theorems 1 and 2, jointly with Theorem 1.2 in [16], we have
the following classification result.
Corollary 1. Let (Mn, g, f, m > 1), n ≥ 4, be a Bach-flat noncompact steady quasi-
Einstein manifold with positive Ricci curvature such that f has at least one critical point.
Then (Mn, g) is a warped product with
g = dt2 + ψ2(t)g
L
and f = f(t),
where g
L
is Einstein of non-negative Ricci curvature. In addition, the fiber has constant
curvature if n = 4.
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2. Background and Key Lemmas
In this section we shall present a couple of lemmas that will be useful in the proof of our
main results. We begin recalling that the Weyl curvature Wijkl is defined by the following
decomposition formula
Rijkl = Wijkl +
1
n− 2
(
Rikgjl +Rjlgik −Rilgjk −Rjkgil
)
−
R
(n− 1)(n− 2)
(
gjlgik − gilgjk
)
,(2.1)
where Rijkl stands for the Riemann curvature tensor. Moreover, the Cotton tensor Cijk is
given by
(2.2) Cijk = ∇iRjk −∇jRik −
1
2(n− 1)
(
∇iRgjk −∇jRgik).
It is easy to check that Cijk is skew-symmetric in the first two indices and trace-free in any
two indices. We also remember that Wijkl and Cijk are related as follows
(2.3) −
(n− 3)
(n− 2)
Cijk = ∇
lWijkl .
Moreover, taking into account (2.3) we may extend the definition of the Bach tensor for
n ≥ 3 by
(2.4) Bij =
1
n− 2
(
∇kCkij +RklWikjl
)
.
Since W ≡ 0 in dimension three, for n = 3 we have
Bij = ∇
kCkij .
Following the notation employed in [14], in the spirit of [8], we recall that the covariant
3-tensor D is given by
Dijk =
1
n− 2
(Rjk∇if −Rik∇jf) +
1
(n− 1)(n− 2)
(Ril∇
lfgjk −Rjl∇
lfgik)
−
R
(n− 1)(n− 2)
(gjk∇if − gik∇jf).(2.5)
It is not difficult to check that the tensor Dijk is skew-symmetric in their first two indices
and trace-free in any two indices:
(2.6) Dijk = −Djik and g
ijDijk = g
ikDijk = 0.
In order to set the stage for the proof to follow let us recall some useful results obtained
in [14]. Indeed, taking into account (2.5) we shall show a relation between the Cotton tensor
and the Weyl tensor on a quasi-Einstein manifold.
Lemma 1 (Chen-He [14]). Let (Mn, g, f) be a quasi-Einstein manifold. Then we have:
(2.7) Cijk =
m+ n− 2
m
Dijk −Wijkl∇
lf.
We also need of the following results by Chen-He [14].
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Lemma 2 (Chen-He [14]). Let (Mn, g, f) be a quasi-Einstein manifold. Assume that Σ is
a level set of f with ∇f(p) 6= 0. Then we have:
(2.8) |D|2 =
2|∇f |4
(n− 2)2
n∑
a,b=2
|hab −
H
n− 1
gab|
2 +
m2
2(n− 1)(n− 2)(m− 1)2
|∇ΣR|2,
where hab stands for the second fundamental form of Σ and H is its mean curvature.
The next result shows that the vanishing of the tensor Dijk implies interesting rigidity
properties about the geometry of the level surfaces of the potential function.
Proposition 1 (Chen-He [14]). Let (Mn, g, f, m > 1) be a quasi-Einstein manifold with
Dijk = 0. Let c be a regular value of f and Σ = {p ∈M | f(p) = c} be a level hypersurface
of f. We also consider e1 =
∇f
|∇f | and choose an orthonormal frame {e2, ..., en} tangent to
Σ. Then:
(1) the scalar curvature R and |∇f |2 of (Mn, g, f) are constant on Σ;
(2) R1a = 0 for ≥ 2 and e1 is an eigenvector of Ric;
(3) on Σ, the Ricci tensor either has a unique eigenvalue or, two distinct eigenvalues
with multiplicity 1 and n− 1, moreover the eigenvalue with multiplicity 1 is in the
direction of ∇f ;
(4) the second form fundamental hab of Σ is hab =
H
n−1gab;
(5) the mean curvature H is constant on Σ;
(6) R1abc = 0, for a, b, c ∈ {2, ..., n}.
Before preceeding, it is important to remember some classical equations concerning quasi-
Einstein manifolds. First of all, considering the function u = e−
f
m on Mn, we immediately
get
∇u = −
u
m
∇f
as well as
(2.9) Hessf −
1
m
df ⊗ df = −
m
u
Hessu.
Taking into account (1.2) and (1.3), it is easy to obtain
(2.10)
u2
m
(R− λn) + (m− 1)|∇u|2 = −λu2 + µ
We also remember that, by Wang [24], if λ ≤ 0, then R ≥ λn. Now we turn our attention
for steady case. Whence, it follows from (2.10) that
(2.11) |∇u|2 ≤
µ
m− 1
and also
(2.12) u2R ≤ mµ.
In the sequel we investigate the asymptotic behavior of the function u = e−
f
m . More
precisely, we prove a pinching estimate which plays a central role in this work.
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Lemma 3. Let (Mn, g, f, m > 1) be a complete noncompact steady quasi-Einstein manifold
with positive Ricci curvature such that f has at least one critical point. Then, there exist
positive constants c1 and c2 such that the function u = e
− f
m satisfies the following estimates
(2.13) c1r(x) − c2 ≤ u(x) ≤
√
µ
m− 1
r(x) + |u(p)|,
where p is a critical point of f and r(x) is the distance function from p.
Proof. The proof will follow [9] (cf. Proposition 2.3 in [9]). Firstly, notice that by (2.11)
the upper bound in (2.13) in fact occurs for noncompact steady quasi-Einstein manifolds in
general.
Now, we deal of the lower bound. To do so, we first notice that (1.2) and (2.10) yields
(2.14) Ric =
m
u
Hessu.
We now assume that p is a critical point of f. So, taking into account that Mn has positive
Ricci curvature and u > 0, we immediately deduce from (2.14) that u is a strictly convex
function. We then consider any minimizing normal geodesic γ(s), 0 ≤ s ≤ s0, for sufficiently
large s0 > 0, starting from the point p = γ(0). Further, denote by X(s) = γ˙(s) the unit
tangent vector along γ and Du
dt
= u˙ = ∇Xu(γ(s)). With these notations in mind, we may
use (2.14) to achieve
(2.15) ∇X u˙ = ∇X∇Xu =
u
m
Ric(X,X).
Remembering that ∇u = − u
m
∇f, it follows that a critical point of f is also critical point of
u. Therefore, upon integrating (2.15) along γ, for s ≥ 1, we arrive at
(2.16) u˙(γ(s)) =
∫ s
0
u
m
Ric(X,X)ds ≥
∫ 1
0
u
m
Ric(X,X)ds ≥ c1,
where
c1 =
c
m
min
Bp(1)
u(x)
and c > 0 is the least eigenvalue of Ricci curvature on the unit geodesic ball Bp(1).
Proceeding, on integrating (2.16) from 1 to s0 we get
u(γ(s0)) =
∫ s0
1
u˙(s)ds+ u(γ(1))
≥ c1s0 − c1 + u(γ(1))
≥ c1s0 − c2.
This is what we wanted to prove. 
As an immediate application of Lemma 3 we have the following result.
Corollary 2. Let (Mn, g, f, m > 1) be a complete noncompact steady quasi-Einstein man-
ifold with positive Ricci curvature such that f has at least one critical point. Then Mn is
diffeomorphic to Rn.
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Proof. From Eq. (2.13) we immediately have that u is a proper function. In particular, Eq.
(2.14) implies that u is strictly convex and then it is well-known that Mn is diffeomorphic
to Rn. 
Now, we use Lemma 3 to prove the main result of this section. It plays a crucial role in
the proof of Theorem 1.
Lemma 4. Let (Mn, g, f, m > 1), n ≥ 4, be a Bach-flat noncompact steady quasi-Einstein
manifold with positive Ricci curvature such that f has at least one critical point. Then the
tensor D vanishes identically.
Proof. To start with, we combine (2.4) and (2.7) to obtain
(n− 2)Bij = ∇
kCkij +WikjlRkl
= ∇k
(
m+ n− 2
m
Dkij −Wkijl∇
lf
)
+WikjlRkl
=
m+ n− 2
m
∇kDkij − (∇
kWkijl)∇
lf −Wkijl∇
k∇lf +WikjlR
kl.
Then, using (1.2) and (2.3), we arrive at
(n− 2)Bij =
m+ n− 2
m
∇kDkij +
n− 3
n− 2
Clji∇
lf
−
1
m
Wkijl∇
kf∇lf.(2.17)
Recall that ∇u = − 1
m
u∇f and this substituted into (2.17) yields
(2.18) (n− 2)Bij∇
iu∇jue−uu3 =
m+ n− 2
m
(∇kDkij)∇
iu∇jue−uu3.
On the other hand, a straightforward computation gives
∇k(Dkij∇
iu∇jue−uu3) = (∇kDkij)∇
iu∇jue−uu3 +Dkij(∇
k∇iu)∇jue−uu3
+Dkij∇
iu(∇k∇ju)e−uu3
= (∇kDkij)∇
iu∇jue−uu3 +Dkij
( u
m
Rki
)
∇jue−uu3
+Dkij
( u
m
Rkj
)
∇iue−uu3,
where we have used Eq. (2.14) in the last step. Therefore, returning to Eq. (2.18) we
immediately achieve
(n− 2)Bij∇
iu∇jue−uu3 =
m+ n− 2
m
∇k(Dkij∇
iu∇jue−uu3)
−
m+ n− 2
m2
Dkije
−uu4(Rki∇ju+Rkj∇iu).(2.19)
Notice that ∇u = − u
m
∇f substituted into (2.5) provides
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−
u
m
Dijk =
1
n− 2
(Rjk∇iu−Rik∇ju)
+
1
(n− 1)(n− 2)
[
Ril∇
lugjk −Rjl∇
lugik
−R(gjk∇iu− gik∇ju)
]
.(2.20)
Moreover, since the tensor D is skew-symmetric in the two first indices, it is not difficult to
see that DkijR
ki∇ju = 0 and then comparing with (2.20) we infer
Dkij(R
ki∇ju+Rkj∇iu) =
1
2
DkijR
kj∇iu−
1
2
DikjR
kj∇iu
= −
1
2
Dkij(R
ij∇ku−Rkj∇iu)
=
n− 2
2m
u|D|2.(2.21)
Next, upon integrating (2.19) over the ball Bp(s), we use (2.21) together with the diver-
gence theorem to deduce
∫
Bp(s)
B(∇u,∇u)e−uu3dVg =
m+ n− 2
m(n− 2)
[ ∫
∂Bp(s)
Dkij∇
iu∇jue−uu3νkdσ
−
n− 2
2m2
∫
Bp(s)
u5|D|2e−udVg
]
,(2.22)
where ν denotes the outward unit normal to ∂Bp(s). Moreover, since g has positive Ricci
curvature, then |Rij | ≤ R. This jointly with (2.20) yields
∣∣∣∣∣
∫
∂Bp(s)
uDkij∇
iu∇jue−uu2νkdσ
∣∣∣∣∣ ≤ C
∫
∂Bp(s)
|∇u|3(|Rij |+R)u
2e−udσ
≤ 2C
(√
µ
m− 1
)3 ∫
∂Bp(s)
u2Re−udσ
≤ 2C
(√
µ
m− 1
)3
mµ
∫
∂Bp(s)
e−udσ,(2.23)
where we also have used (2.11) and (2.12). Moreover, we already know from (2.13) that
−u(x) ≤ −c1r(x) + c2,
where c1 and c2 are positive constants and r is the distance function. Thus, by (2.23) one
has
(2.24)
∣∣∣∣∣
∫
∂Bp(s)
uDkij∇
iu∇jue−uu2νkdσ
∣∣∣∣∣ ≤ C1e−sArea(∂Bp(s)).
The assumption of positive Ricci curvature allows to use the Bishop-Gromov theorem to
infer
Area(∂Bp(s)) ≤ C2s
n−1.
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Hence, it follows from (2.24) that
∣∣∣∣∣
∫
∂Bp(s)
uDkij∇
iu∇jue−uu2νkdσ
∣∣∣∣∣ ≤ C3e−ssn−1.
Therefore, by letting s→ +∞ in Eq. (2.22) we achieve
∫
M
B(∇u,∇u)e−uu3dVg = −
m+ n− 2
2m3
∫
M
u5|D|2e−udVg.
Finally, since Mn is Bach-flat and u > 0 we conclude Dijk = 0. This finishes the proof of
the lemma.

3. Proof of the Main Results
3.1. Proof of Theorem 1.
Proof. We follow the trend of Chen and He [14] (see also Cao and Chen [8]). To begin with,
since Mn is Bach-flat it follows from Lemma 4 that Dijk = 0. Therefore, we may use (2.7)
to get
(3.1) Cijk = −Wijkl∇
lf.
At the same time, we already know that such a metric is real analytic (cf. Proposition
2.4 in [16]). Therefore, taking into account (3.1) as well as (2.3), it suffices to show that
the Cotton tensor Cijk vanishes at points p ∈ M
n such that ∇f(p) 6= 0. So, we consider a
regular point p ∈ Mn, with associated level set Σ. Moreover, choose any local coordinates
(θ2, . . . , θn) on Σ and split the metric in the local coordinates (f, θ2, . . . , θn) as follows
g =
1
|∇f |2
df2 + gab(f, θ)dθ
adθb.
Letting ∂f = ∂1 =
∇f
|∇f |2 we immediately get ∇1f = 1 and ∇af = 0, for a ≥ 2. From (3.1)
and the symmetries of the Weyl tensor we have Cij1 = 0. Next, by Proposition 1, we have
R1a = 0 and R1abc = 0 for any integers 2 ≤ a, b, c ≤ n. Whence, it is easy to check that
Wabc1 = Rabc1 = 0
and use once more (3.1) to deduce Cabc = −Wabc1|∇f |
2 = 0.
We now claim that C1ab = 0 for all a, b ≥ 2. To prove our claim we apply the same
arguments used in [14] (p. 324). Indeed, notice that
C1ab =
1
|∇f |2
W (∇f, ∂a,∇f, ∂b).
On the other hand, from (2.1) we infer
1
|∇f |2
W (∇f, ∂a,∇f, ∂b) =
1
|∇f |2
R(∇f, ∂a,∇f, ∂b) +
R
(n− 1)(n− 2)
gab
−
1
(n− 2)
(
1
|∇f |2
Ric(∇f,∇f)gab +Rab
)
.(3.2)
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Easily one verifies that hab =
Γ1ab
|∇f | . Moreover, we also have Γ
1
ab = −
1
2∇f(gab). Hence, it
follows that
(3.3) hab = −
∇f
2|∇f |
(gab).
Proceeding, we invoke Proposition 1 to deduce that |∇f | is constant on Σ, which immediately
gives [∂a,∇f ] = 0, and then
〈
∇f
|∇f | , ∂a
〉
= 0, which implies ∇ ∇f
|∇f|
∇f
|∇f | = 0. By these settings
we get
(3.4)
1
|∇f |2
R(∇f, ∂a,∇f, ∂b) =
∇f
(n− 1)|∇f |
Hgab −
H2
(n− 1)2
gab.
In particular, by tracing (3.4) with respect to a and b we obtain
1
|∇f |2
Ric(∇f,∇f) =
∇f
|∇f |
H −
H2
(n− 1)
.
This substituted into (3.4) yields
(3.5) R(∇f, ∂a,∇f, ∂b) =
Ric(∇f,∇f)
(n− 1)
gab.
By using again Proposition 1 (3) we may consider 1|∇f |2Ric(∇f,∇f) = η and Ric(∂a, ∂b) =
κgab, for a, b ≥ 2, where η and κ are the eigenvalues of the Ricci curvature. Therefore,
substituting (3.5) into (3.2) we achieve C1ab = 0, which settles our claim.
Finally, it is not difficult to see that Cijk = 0 whenever ∇f(p) 6= 0. Besides, we already
know that g is analytic, which allows us to conclude that Cijk = 0 on M
n. So, the proof is
completed.

3.2. Proof of Theorem 2.
Proof. First of all, we invoke Theorem 1 to conclude that C ≡ 0 and Wijkl∇
lf = 0.
Moreover, we consider a point p ∈ M4 such that ∇f(p) 6= 0. Choosing an orthonormal
frame {e1, e2, e3, e4} with e1 =
∇f
|∇f | at the point p, we have Wijk1 = 0 for all 1 ≤ i, j, k ≤ 4.
From now on it suffices to follow the arguments applied in the final steps of the proof of
Theorem 2 in [4] (see also [8]). In fact, these steps guarantee that Wijkl = 0 whenever
∇f(p) 6= 0. Then, since g is analytic,M4 is locally conformally flat. This is what we wanted
to prove. 
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